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. Abstract 



finite cyclic group of order p with a circle as the set of fixed points if and only if M is 
obtained from the three-sphere by surgery along a strongly p— periodic link L. Moreover, 



^ ■ Przytycki and Sokolov proved that a three-manifold admits a semi-free action of the 

■3 

if the quotient three-manifold is an integral homology sphere, then we may assume that 
L is orbitally separated. This paper studies the behavior of the coefficients of the Conway 
■ polynomial of such a link. Namely, we prove that if L is a strongly p-periodic orbitally 

I separated link and p is an odd prime, then the coefficient a2i{L) is congruent to zero 

, modulo p for all i such that 2i < p — 1. 
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! 1- Introduction 



• ^ Strongly periodic links have been introduced by Przytycki and Sokolov fTHJ as a class of links 
providing equivariant surgery presentations of cyclic covers branched along knots i. e. periodic 
three-manifolds. This equivariant surgery presentation plays a key role in the study of the 
Casson-Walker-Lescop invariant as well as the quantum invariants of periodic three-manifolds 
in El El • Let p > 2 be an integer, a link L in is said to be p-periodic if there exists 
a periodic transformation h of order p such that fix{h) = S^, h{L) = L and fix{h) fl L = 0. 
By the positive solution of the Smith conjecture P we may assume that /i is a rotation by a 
^Supported by a fellowship from the COE program "Constitution of wide-angle mathematical basis focused 
on knots" , Osaka City University. The author would like to express his thanks and gratitude to Akio Kawauchi 
for his kind hospitality. 



1 



2tt /p angle around the 2;-axis. A p-periodic link is said to be strongly p-periodic if and only if 
every component of the quotient link L has linking number zero modulo p with the axis of the 
rotation. The link L is said to be orhitally separated (we write OS for short) if the quotient link 
is algebraically split. Przytycki and Sokolov ^H] proved that a three-manifold is periodic with 
prime period p if and only if M is obtained from by surgery along a strongly p— periodic 
link L. Moreover, It can be easily seen that if the quotient manifold M is an integral homology 
sphere then we may assume that L is orbitally separated. 

Murasugi jTH] established a congruence formula for the Alexander polynomial of periodic knots. 
Later, different approaches have been used to give alternative proofs to Murasugi's result 
[21 El Cni- In ^H] and ^H]; similar results have been proved for the multi- variable Alexan- 
der polynomial of periodic links. 

The Conway polynomial is a renormalization of the Alexander polynomial. If L is a link with 
n components then the Conway polynomial of L is of the form V l{z) = -2"~^(ao(L) + a2{L)z'^ + 
• • • + CL2m{L)z'^"^), where coefficients ai{L) are integers. We know that the coefficient ao{L) 
depends only on the linking matrix of L. The second coefficient a2{L) is related to the Casson- 
Walker-Lescop invariant by the global surgery formula introduced by Lescop ^Hj. The study 
of the coefficients of the Conway polynomial is of interest partially because they are Vassiliev 
invariants of suitable orders. 

Let p be an odd prime and let L be an OS strongly p-periodic link. In 3] we proved that the 
coefficient 02 (-^) is congruent to zero modulo p. Using this fact and Lescop's surgery formula we 
have been able to prove that the Casson-Walker-Lescop invariant of a periodic three-manifold 
is equal, modulo p, to the product of the signature of the surgery presentation by the order of 
the first homology group over 8. 

The purpose of this paper is to extend the result proved in for the coefficient 02 to other 
coefficients of the Conway polynomial. Here is our Main Theorem 

Main Theorem. Let p be an odd prime and let L be an OS strongly p-periodic link, then 
a2i{L) is congruent to zero modulo p for all i such that 2i < p — 1. 

The Main Theorem does not hold for p = 2. A counterexample is given by considering the 
Hopf link H. Obviously, H is an OS strongly 2-periodic link. The Conway polynomial of H is 
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V h{z) = z. This means that the coefficient aQ{H) = 1, hence it is not null modulo 2. 

Here is an outline of the paper. Section 2 introduces strongly periodic links and discusses 
the notion of equivariant crossing changes. Section 3 reviews some properties of the Conway 
polynomial needed in the sequel. Finally, Section 4 is devoted to the proof of the Main Theorem. 

2- Strongly periodic links and equivariant crossing changes 

In this section, we first define strongly periodic links. Then we introduce some of their prop- 
erties. We close the section with a list discussing the different types of equivariant crossing 
changes. 

Definition 2.1. Let p > 2 be an integer. A link L of is said to be p-periodic if and only 
if there exists an orientation-preserving auto-diffeoniorphisni h of such that: 

1- Fix(h) is homeomorphic to the circle S^, 

2- the link L is disjoint from Fix(h), 

3- h is of order p, 

4- h{L) = L. 

If L is periodic we will denote the quotient link by L. 

The standard example of such a diffeomorphism is given as follows. Let us consider as 
the sub-manifold of defined by = {{zi, Z2) G C^; l^ip + \z2\'^ = 1} and (pp the following 
diffeomorphism: 

{zi,Z2) I — > {e~Zi,Z2). 

The set of fixed points for ipp is the circle A = {(0, 22) G C^; |z2p = 1}. If we identify 5"^ with 

U 00, A may be seen as the standard 2;-axis. 
Recall here that if the quotient link L is a knot then the link L may have more than one 
component. In general, the number of components of L depends on the linking numbers of the 
components of L with the axis of the rotation. 

Recently, Przytycki and Sokolov introduced the notion of strongly periodic links as follows. 
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Definition 2.2. Let p > 2 be an integer. A p-periodic link L is said to be strongly p-periodic 

if and only if one of the following conditions holds: 

(i) The linking number of each component of L with the axis A is congruent to modulo p 

(a) The group Z/pZ acts freely on the set of components of L. 

(Hi) The number of components of L is p times greater than the number of components L. 

Remark 2.1. According to condition (iii) in the previous definition, a p-strongly periodic link 
L has pa components, where a is the number of components of the quotient link L. These pa 
components are divided into a orbits with respect to the free action of Z/pZ (condition (i)). 
Assume that L = /i U . . . U /q, there is a natural cyclic order on each orbit of components of L. 
Namely, 

L = U . . . U U U . . . U /f U . . . U U . . . U 

where ipp{ll) = /*+^ VI < t < p - 1 and <^p{lf) = Ij, for all 1 < z < a. 

Definition 2.3. A link L in the three-sphere is said to be algebraically split if and only if the 
linking number of any two components of L is null. 

Definition 2.4. Let p > 2 be an integer. A strongly p-periodic link is said to be orbitally 
separated if and only if the quotient link is algebraically split. 

Remark 2.2. A three-manifold M is said to be p— periodic if the finite cyclic group of order p 
acts semi- freely on M with a circle as the set of fixed points. By [18J and we know that a 
three-manifold is p— periodic if and only if M is obtained from 5*^ by surgery along a strongly 
p— periodic link. If the quotient manifold is an integral homology sphere, then we may choose 
the link L orbitally separated. This is a consequence of the fact that the quotient manifold 
may be obtained by surgery along an algebraically split link. 

Remark 2.3. For short, we shall use the term OS link to refer to an orbitally separated link. 

p 

If L is a strongly p-periodic OS link, then for all s and i j we have ^ Ik^l^, /*•) = 0. 

t=i 

Definition 2.5. Let m be a positive integer. A p— periodic link L is said to be of type m if 
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L ^ KiU K[\J . . .\J K^U K'^U L' such that 

(i) Ki and K'- are invariant by the rotation for all i, and L' is an OS strongly p— periodic link, 

(ii) Lk(Ki, A) = -Lk{K'., A) modulo p, 

(Hi) Lk{Ki, I) — —Lk{K-, I) for all components I of the quotient link U . 
By convention a p-periodic link of type is a strongly p— periodic OS link. 

Let L be a p-periodic link in the three-sphere. Let L be the factor hnk, so here we have 
L = 7r~^(L), where tt is the canonical surjection corresponding to the action of the rotation on 
the three-sphere. Let L_ and Lq denote the three links which are identical to L except near 
one crossing where they are like in Figure 1. Now, let Lp_|_ := 7r~^(L_|_), Lp_ := 7r~^(L_) and 
Lpo 7r~^(Lo). We define an equivariant crossing change as a change from Lp+ to Lp— or vice- 
versa. If this crossing change involves two different components of the quotient link then we call 
it a mixed equivariant crossing change. Otherwise, it is called a self equivariant crossing change. 

Lemma 2.1. Let L — KiL) K[[J . . .L) Km U K'^ U L' be a p— periodic link of type m. 

1- If we change a crossing between and K[, then Lpo has (jjL + p — 2) components. 

2- If wc change a crossing between Ki or K- and Kj for i ^ j then Lpo has either (fjL + p — 2) 
or {^L — 1) components. 

3- If we change a crossing between or K[ and a component of U , then LpQ is of type m 
having {^L — p) components. 

4- If we change a crossing between two components of L', then Lpo is of type m having (JiL — p) 
components. 

5- If we change a self-crossing in U, then Lpo is either of type (m -|- 1) having (j^L — p + 2) 
components or a periodic link having (jjL + p) components. 

Proof. The proof is straightforward by analyzing the linking numbers of the components of Lpo 
with the axis of the rotation. □ 

3- The Conway polynomial 

The Conway polynomial V is an invariant of ambient isotopy of oriented links which can be 
defined uniquely by the following: 

(ii) Vl+(;2)-Vl_(^) = ^Vlo(;s), 
5 



where Q is the trivial knot, L_|_, L_ and Lq are three oriented hnks which are identical except 
near one crossing where they look like in the following figure: 




Figure 1. 



It is well known that if L is a link with n components then the Conway polynomial of L is of 
the form V l{z) = z"-~^{aQ{L) + a2{L)z'^ + . . . + a2m(yL)z'^"^), where coefficients aj(L) are integers. 
Now, we shall recall some properties of the Conway polynomial needed in the sequel. 
Let L = Zi U . . . U Z„ be an oriented n component link in the three-sphere. Let kj = Lk(Zj, Ij) 

n 

ii i ^ j and define la = — ^ lij. Define the linking matrix C as C = [kj)- The matrix C 

is symmetric and each row adds to zero. Hence, every cofactor of this matrix is the same. We 
refer the reader to [H], JI] and ^2], for details about the linking matrix. 

Theorem 3.1 [12j. Let L an oriented link with n components. Then aQ{L) = Cij, where Cij 
is any cofactor of the Unking matrix L. 



It follows from this theorem that if L is algebraically split then the first coefficient of the Con- 
way polynomial is zero. Levine ^1] proved that the coefficient of is null, for all i < 2n — 3, 
and gave an explicit formula for the coefficient of 2;^""^. 

Proposition 3.2 [14] . If L is algebraically split with n components, then is divisible 

by z^-^-"^. 



4- Proof of the Main Theorem 

The idea of the proof is to use equivariant crossing changes to reduce strongly periodic OS 
links to algebraically split links without changing the first coefficients of the Conway polyno- 
mial modulo "p. We first introduce the following lemma which plays a crucial role in the proof. 
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Lemma 4.1. Let p be a prime, then we have the following congruence modulo p: 




Proof. See fS]. 



□ 



Remark 4.1. Let k be the number of components of Lp+. Obviously, the hnk Lp_ has k 
components as welL Let s be the number of components of LpQ. According to Lemma 4.1, we 
have the following congruence modulo p 



z''-\ao{Lp+)+a2{Lp+)z^+. . .)-z^-\ao{Lp^)+a2{Lp^)z^+. . .) = zP+' \ao{Lpo)+a2iLpo)z'^+. . .) 



Consequently, if s > A; — 1 then a2i{Lp^) = a2i{Lp^) modulo p for all i such that 2i < p — 1. 

Lemma 4.2. Let L be a p— periodic link of type m. If L is algebraically split, then a2i{L) is 
congruent to zero modulo p for all i such that 2i < p — 1. 

Proof. We know that L has 2m + pa components. If a > then the number of components of 
L is greater than or equal to p. Using Levine's theorem we should be able to conclude that a2i 
is zero modulo p for all i such that 2i < p — 1. 

If a = then L = Ki U K[ U . . . U Km U K'^. The idea here is to make equivariant crossing 
changes until getting a split link, without changing the coefficient a2i modulo p. We shall focus 
on equivariant crossing changes involving Ki and the other components. If we change a crossing 
between Ki and K'^ then the link Lpo has 2(m — 1) +p components. However, if we change 
a crossing between Ki and Kj (resp. K'j) for 1 ^ j then the number of components of Lpo is 
either 2(m — 1) +p or 2(m — 1) + L A simple computation shows that in all cases Remark 4.1 
implies that a2i{Lp+) is congruent to a2i{LpJ) modulo p ioi 2i < p — 1. It can be easily seen 
that using these crossing changes we can put Ki over the rest of components of L to get a split 
link. Since L has the same coefficient a2i modulo p than a split link, then a2i{L) is null modulo 
p for all i such that 2i < p — 1. This ends the proof. □ 

Lemma 4.3. If L is of type m > 0, then ao{L) is null modulo p. 

Proof. The coefficient ao(L) is computed using the Hoste formula. Recall that L can be written 
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as follows: 

L ^ KiU K[U . . .U KmU K'^Ullu . . .Ul^U . . .Ullu . . .UlP. 

It is easy to sec that the linking number of any couple of two invariant components of L is null 
modulo p. Moreover for such a component K we have: 

Lk{K, I]) = Lk{K, /|) = . . . = Lk{K, Fj) VI < J < a. 

By Definition 2.5, (iii) we have Lk{Ki, I) — —Lk{Kl, I) for all components I of the quotient link 
U, where L' is the strongly periodic part of L. Thus, Et=i ^H^i, Z*)) = - Et=i Lk(ir;, Z*)) for 
all 1 < i < m and 1 < j < a. Notice that in each of the two summations above the p terms 
are equal. This imphes that Lk(ii'j, Z*) = — Lk(ii'-, Z*) for all 1 < j < a and 1 <t <p. 
Consequently the linking matrix of L is of the form (here coefficients are considered modulo p) . 

^0 ... tl tl ... tp \ 

... -tl -tl ... -t^, 

... 

... 

^2 ~^2 ■ ■ ■ ■ ■ 

+2 _f2 

''2 i2 ■ ■ ■ ■ ■ 



/ 

It is well known that the lines of this linking matrix sum to zero. In addition, the first line and 
the second line of our matrix are dependent. Hence, all the cofactors of the matrix are null. 
This concludes that qq is null modulo p. □ 

Proposition 4.1. If all the links of type m have 02^-2 null modulo p, where 2i <p—l. Then 
all links of type m — 1 have null modulo p. 

Proof. Assume that for all links L" of type m, we have a2i-2{L") = modulo p, where 2i < p—l. 
Let L be a link of type m — 1. By definition we have L = KiU K[U . . .U Km^i U K!^_i U L', 
where L' is a strongly periodic OS link. We start by proving the following lemma 
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Lemma 4.4. If Lp^ and Lp_ are two p-periodic links of type m — 1 such that their quotients 
differ only by a self-crossing change in L' . Then a2i{Lp^) = a2i{Lp_) modulo p. 

Proof. If we change a self-crossing in the quotient hnk L', then according to Lemma 2.1 the 

Unk Lpo is either of type m having — p + 2) components or a periodic hnk having (^L + p) 
components. In the second case Remark 4.1 imphes that a2i{Lp+) = a2i{LpS) modulo p. How- 
ever in the first case, we get a2i(Lp+) — a2i{LpJ) = a2i-2{Lpo) modulo p. Since LpQ is of type m 
then a2i-2{Lpo) is null modulo p. This ends the proof of Lemma 4.4. □ 

Lemma 4.5. Let i be an integer such that 2i < p—1. If a2i{L) = modulo p for links of type 
m — 1 with algebraically split orbits. Then, a2i{L) = for links of type m — 1. 
Proof. The idea of the proof is to use self-crossing changes to split the orbits of our hnk. The 
algorithm can be described as follows. We start by changing the crossings of l\ and If, until 
having their linking number zero. Of course, at the same time we get /A;((/9p(/{), ^Pp{ll)) = 0, for 
all 1 < i < p — 1. In the second step we do the same for and If and so on. We apply the 
same procedure for each orbit of components until getting all orbits algebraically split. □ 

Return now to the proof of Proposition 4.1. According to Lemma 4.5, it will be enough to 
prove the proposition in the case where L has only algebraically split orbits. The proof is done 
by induction on a. Remember that the number of components of L is 2 (m — 1) +pa. If a = 
then a2i is zero modulo p, due to Lemma 4.2. 

Now assume that the result is true for links of type m — 1 with less than 2{m — 1) + pa com- 
ponents. Assume that L is a link of type m — 1 with orbits algebraically split such that L has 
2(m — 1) +pa components. 

Since the orbits of L are algebraically split we can use mixed equivariant crossing changes to 
transform our link into an algebraically split link. According to Lemma 2.1, there are 4 types 
of mixed equivariant crossing changes: 

In the first and the second case of Lemma 2.1, Remark 4.1 implies that a2i{Lpj^) — a2i{LpJ) = 
modulo p. 

In the third and the fourth case, Lemma 4.1 implies that a2i(-^p+) ~0'2i{Lp-) = a2i{LpQ) modulo 
p. Since the link LpQ is of type m — 1 having less components than the original link L, then we 
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can use the induction hypothesis to conclude that a2i{Lp^) — a2i{Lp_) = modulo p. 
In conclusion, mixed equivariant crossing changes do not affect the coefficient a2i modulo p. 
Using these changes we should be able to transform our link into an algebraically split link 
having null modulo p. This completes the proof of Proposition 4.1. □ 

The rest of the proof of the Main Theorem is a matter of induction. According to Lemma 4.3, 
a link of type {p — l)/2 has Oq null modulo p. Starting from this fact, an easy induction using 
Proposition 4.1 shows that a link of type zero (which is a strongly periodic OS link) has 02? 
null modulo p for all i such that 2i < p — 1. This completes the proof of the Main Theorem. □ 
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